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AP® Calculus AB/BC 2021 Scoring Guidelines

Part A (AB or BC): Graphing calculator required
Question 1 9 points

General Scoring Notes

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Scoring guidelines and notes contain examples of the most common approaches seen in student responses.
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored
appropriately.

’ 0[1]2[25]4
(centimeters)
. f(r) , 112]6]10 |18
(milligrams per square centimeter)

The density of a bacteria population in a circular petri dish at a distance » centimeters from the center of the
dish is given by an increasing, differentiable function f, where f(r) is measured in milligrams per square

centimeter. Values of f(r) for selected values of » are given in the table above.

Model Solution Scoring

(a)  Use the data in the table to estimate f”(2.25). Using correct units, interpret the meaning of your answer

in the context of this problem.

, _f(235)-f(2) _10-6 Estimate 1 point
@2 > =555 =55 -8
At a distance of » = 2.25 centimeters from the center of the petri  Interpretation with 1 point

dish, the density of the bacteria population is increasing at a rate of  units
8 milligrams per square centimeter per centimeter.
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AP® Calculus AB/BC 2021 Scoring Guidelines

Scoring notes:

e To earn the first point the response must provide both a difference and a quotient and must explicitly
use values of f* from the table.

e Simplification of the numerical value is not required to earn the first point. If the numerical value is
simplified, it must be correct.

e The interpretation requires all of the following: distance » = 2.25, density of bacteria (population)
is increasing or changing, at a rate of 8, and units of milligrams per square centimeter per

centimeter.
e The second point (interpretation) cannot be earned without a nonzero presented value for f'(2.25).
e To earn the second point the interpretation must be consistent with the presented nonzero value for

/f'(2.25). In particular, if the presented value for f'(2.25) is negative, the interpretation must

include “decreasing at a rate of | /'(2.25)

” or “changing at a rate of f”(2.25).” The second point

cannot be earned for an incorrect statement such as “the bacteria density is decreasing at a rate of
-8 ... ” even for a presented f'(2.25) = 8.

e  The units (mg/cm?/cm ) may be attached to the estimate of f '(2.25) and, if so, do not need to be
repeated in the interpretation.

e Ifunits attached to the estimate do not agree with units in the interpretation, read the units in the
interpretation.

Total for part (a) 2 points
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AP® Calculus AB/BC 2021 Scoring Guidelines

(b)

The total mass, in milligrams, of bacteria in the petri dish is given by the integral expression
4 4
2ﬂj0 r f(r) dr. Approximate the value of Zﬂjo r f(r) dr using a right Riemann sum with the four

subintervals indicated by the data in the table.

4 . . .
ZﬂJ'O F () dr = 27 (1- f(1)-(1=0)+2- £(2)-(2 1) thght Riemann sum 1 point
setup
+25-1(25)-(25-2)+4-f(4)-(4-2.5))
=27(1-2-1+2-6-1+25-10-0.5+4-18-1.5) Approximation 1 point

= 2697 = 845.088

Scoring notes:
e The presence or absence of 27 has no bearing on earning the first point.

e The first point is earned for a sum of four products with at most one error in any single value among
the four products. Multiplication by 1 in any term does not need to be shown, but all other products
must be explicitly shown.

e Aresponse of 1- f(1)-(1-0)+2-f(2)-(2-1)+2.5- f(25)-(25-2)+4-f(4)-(4-2.5)
earns the first point but not the second.

e A response with any error in the Riemann sum is not eligible for the second point.

4
e A response that provides a completely correct left Riemann sum for 271'.[0 rf(r)dr and
approximation (917 ) earns one of the two points. A response that has any error in a left Riemann

4
sum or evaluation for 27[]0 rf(r) dr earns no points.

4
e A response that provides a completely correct right Riemann sum for 272"[0 f(r)dr and
approximation (807 ) earns one of the two points. A response that has any error in a right Riemann

4
sum or evaluation for 27[I0 f(r) dr earns no points.

e Simplification of the numerical value is not required to earn the second point. If a numerical value is
given, it must be correct to three decimal places.

Total for part (b) 2 points

© 2021 College Board



AP® Calculus AB/BC 2021 Scoring Guidelines

(¢) Is the approximation found in part (b) an overestimate or underestimate of the total mass of bacteria in
the petri dish? Explain your reasoning.

d , Product rule 1 point
E(rf(r)) = () +r /) expression for
d
2 f(r)
Because [ is nonnegative and increasing, i(r f(r)) > 0 onthe Answer ‘_mth 1 point
dr explanation

interval 0 < r < 4. Thus, the integrand r f(r) is strictly

increasing.

4
Therefore, the right Riemann sum approximation of 27[.[0 rf(r)dr
is an overestimate.

Scoring notes:
e To earn the second point a response must explain that »f(r) is increasing and, therefore, the right

Riemann sum is an overestimate. The second point can be earned without having earned the first
point.

4
e A response that attempts to explain based on a left Riemann sum for 2HIO rf(r) dr from part (b)
earns no points.
4
e A response that attempts to explain based on a right Riemann sum for 271'.[0 f(r) dr from part (b)

earns no points.

Total for part (c) 2 points
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(d) The density of bacteria in the petri dish, for 1 < » < 4, is modeled by the function g defined by
g(r)=2- 16(cos(1.57x/7))3. For what value of k, 1 < k < 4, is g(k) equal to the average value of

g(r) ontheinterval 1 < r < 47?

Average value = g,., = ﬁ J‘14g (r) dr Definite integral 1 point
ﬁ_‘?g(’") dr = 9.875795 Average value 1 point
g(k) = gue = k=2497 Answer 1 point
Scoring notes:

e The first point is earned for a definite integral, with or without ﬁ or %

e A response that presents a definite integral with incorrect limits but a correct integrand earns the first
point.

e Presentation of the numerical value 9.875795 is not required to earn the second point. This point

4
can be earned by the average value setup: % L g(r)dr.

e Once earned for the average value setup, the second point cannot be lost. Subsequent errors will
result in not earning the third point.

e The third point is earned only for the value k = 2.497.
e The third point cannot be earned without the second.

e Special case: A response that does not provide the average value setup but presents an average value
of —13.955 is using degree mode on their calculator. This response would not earn the second point
but could earn the third point for an answer of £ = 2.5 (or 2.499).

Total for part (d) 3 points

Total for question 1 9 points
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Answer QUESTION 1 parts (a) and (b) on this page.
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Answer QUESTION 1 parts (c) and (d) on this page.
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B WSS At (Wt Rignt riewons Sums 018 OlwarS 0w OVRY

CCkroote Foc funciiond with FoSEine Jlote, aund wade@itiwates foy
PUNCAPNT with mgmm a‘lou The Slogr of T-HO S R uo o
- 1+ TR0, Since 4 E, A, and 1D oce omvers PositR ov
et Intecve (04] . Ht) \\WMJ WoS O Xolitivt [logR Y wwot
YnRRN A, Sen (R4S a\ RoLitwe (Jored funetion, Tht Tin fRman-
S Foe X6 €060 040 4 i5 0w over oy A (woXe |

A\'a o0& (D= ‘—X Kk'mu‘"’“\.ﬁ"d‘\\)hr—

gy = 32U os\8? &) = a.87¢
k2 .49

Page 5§




1 of 2 Sample 1B
N Bl Bl Bl BE BE BE Bl

Answer QUESTION 1 parts (a) and (b) on this page.
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(milligrams per square centimeter) ! 2 6 10 =
Response for question 1(a) | R
(0-6 qn
Flleasym £l o 22 = 8 millgrars
.5 - T

The rak ok Chame of () ar Jislang r= 225 centimelas
'8 approximalely. & mill ;9ams per cubic ent weler

 Response for question 1(b)
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Answer QUESTION 1 parts (c) and (d) on this page.
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Answer QUESTION 1 parts (a) and (b) on this page.

r

(centimeters) 0 | 2 25 4

. f(r) , 1| 2|6 ]10] 18
(milligrams per square centimeter)

'Response for question 1(a) |
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%5 increasing at a rate OF G mgpercm? eer cm?

' Response for question 1(b)|
297 - (12 +16)r0500)+ 1.5 (19) ]
27 - (246+5+27)

27 (49) =( 80 > 2557
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Answer QUE 1 parts (c) and (d) on this page.
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AP® Calculus AB/BC 2021 Scoring Commentary

Question 1
Note: Student samples are quoted verbatim and may contain spelling and grammatical errors.
Overview

The context of this problem is bacteria in a circular petri dish. The increasing, differentiable function f gives the
density of the bacteria population (in milligrams per square centimeter) at a distance r centimeters from the center
of the dish. Selected values of f(7) are provided in a table.

In part (a) students were asked to use the table to estimate f'(2.25) and interpret the meaning of this value in

context, using correct units. A correct response should estimate the derivative value using a difference quotient,
drawing from the data in the table that most tightly bounds » = 2.25. The interpretation should explain that when

r = 2.25 centimeters from the center of the petri dish, the density of the bacteria population is increasing at a rate of
roughly 8 milligrams per square centimeter per centimeter.

4
In part (b) students were told that 2EI0 rf(r) dr gives the total mass, in milligrams, of the bacteria in the petri dish.

They were asked to estimate the value of this integral using a right Riemann sum with the values given in a table. A
correct response should multiply the sum of the four products 7 - f(7.)- Ar; drawn from the table by 27.

In part (¢) students were asked to explain whether the right Riemann sum approximation found in part (b) was an
overestimate or an underestimate of the total mass of bacteria. A correct response should determine the derivative of
r- f(r) using the product rule, use the given information that f* is nonnegative to conclude that this derivative is
positive and, therefore, that the integrand is strictly increasing on the interval 0 < » < 4. This means that the right
Riemann sum approximation is an overestimate.

In part (d) another function, g(r) =2 - 16(cos(1 STNr ))3 , was introduced as a function that models the density of
the bacteria in the petri dish for 1 < r < 4. Students were asked to find the value of £ such that g(k) is equal to the

average value of g(7) on the interval 1 < » < 4. A correct response should set up the average value of g(r) as

4
%L g(r) dr, then use a graphing calculator to solve for & when setting g(k) equal to this average value.

Sample: 1A
Score: 9

The response earned 9 points: 2 points in part (a), 2 points in part (b), 2 points in part (c), and 3 points in part (d). In
-6
0.5
this case, correct simplification to 8 in the first line earned the first point. The response earned the second point for
an interpretation of the density of the bacteria changing at 8 milligrams per square centimeter per centimeter at
r = 2.25. In part (b) the response earned the first point for the sum of products expression
27-(2-1-14+6-1-2+10-0.5-2.5 + 18-1.5-4) in the first line on the right. This sum of products expression
would also have earned the second point with no simplification. In this case, correct simplification to 2697 in the
second line earned the second point. In part (c) the response earned the first point for the product rule expression of

part (a) the difference quotient of 10

in the first line would have earned the first point with no simplification. In

rf(r)+r-f(r) for %(r f(r)) in the fourth line. The response earned the second point for the conclusion that

r f(r) has a positive slope because r, 7', f(r), and f'(r) are positive on the interval and, therefore, the estimate is
an overestimate In part (d) the response earned the first and second points for the definite integral

II ( - 16 cos 1 574r )) ) dr giving the average value in the first line. The response earned the third point
for the correct value of & = 2.497 in the third line.

© 2021 College Board.
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Question 1 (continued)

Sample: 1B
Score: 7

The response earned 7 points: 1 point in part (a), 2 points in part (b), 1 point in part (c), and 3 points in part (d). In
10-6
0.5
this case, correct simplification to 8 in the first line earned the first point. The response did not earn the second point
because the density of the bacteria is not referenced. In part (b) the response earned the first point for the sum of

products expression 27z[1(1) f(1) +1(2) f(2) + 0.5(2.5) f(2.5) + 1.5(4) £(4)] in the first line. The sum of

products expression 27[2 + 12 +12.5 + 108] in the second line would have earned the second point with no

part (a) the difference quotient of in the first line would have earned the first point with no simplification. In

simplification. In this case, simplification to 269z in the second line earned the second point. In part (c) the
response did not earn the first point because there is no product rule expression for %(1’ f(7)). The response

earned the second point for the claim that » f(r) is increasing in the second line and, therefore, the right Riemann
sum is an overestimate in the fifth line. In part (d) the response earned the first and second points for the definite

integral

4
7] 1_ I L (2 - 16(c0s(1 STr ))3) dr giving the average value in the first line. The response earned the third

point for the correct value of £ = 2.497 in the third line.

Sample: 1C
Score: 4

The response earned 4 points: 1 point in part (a), 1 point in part (b), no points in part (c), and 2 points in part (d). In
part (a) the difference quotient of 2105—__62 in the first line would have earned the first point with no simplification.
In this case, correct simplification to 8 in the first line earned the first point. The response did not earn the second
point because the response states the rate of the density of the bacteria population is increasing at a rate and because

the units in the interpretation are incorrect. In part (b) the response earned one of the two points for providing a

4
completely correct right Riemann sum for 27zj0 f(r) dr. The sum of products expression

27 -[1(2) +1(6) + 0.5(10) + 1.5(18)] in the first line would have earned one of the two points with no

simplification. In this case, correct simplification to 251.327 in the third line earned one of the two points. In
part (c) the response did not earn either point because the response attempted to explain a right Riemann sum for

4 4
27 Io f(r) dr. In part (d) the response earned the first and second points for the definite integral q 1_ T L g(r)dr

giving the average value in the second line. The response did not earn the third point because no value is given for
k.
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